Sum with tangents in square.
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Evaluate ;tan 3003
Solution by Arkady Alt, San Jose, California, USA.
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remains calculate é.
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First note, that for any polynomial P(x) = aox" + a;x™" +...+a,1x + a, (ao = 0)
with non-zero roots x;,x»,...,x, holds
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Indeed, since P(x) = ao(x —x1)(x —x2)...(x —x,) then
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l;x—xl- —iz:;(ln(x—x,)) = (;ln(x x,)) = (ln a4 ) NTOR
Hence,lei __PO .1
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W,n e NU {0}.Since sin((n +2)0) + sinnf =

2cos6 - sin((n + 1)0) then u, can be defined by recurrence

(2)  wn1(0) =2c080 +u,(0) —uu—1(0),n € Nand uo(0) = 1,u1(0) = 2cosé.

If we replace cosf in (2) with real x we obtain recurrence

(3) Unn(x) = 2xU,(x) — Up—1(x),n € N and initial condition Uy = 1,U, = 2x

which define polynomials U,(x),n € NU {0} (Chebishev’'s polynomials of the 2nd kind).
For example U,(x) = 4x* — 1, Us(x) = 8x> — 4x.

k=1 COS

For any real 0 let u,(0) =

Since U,(cos6) = u,(0) = W then for 0 € (0,7) we have
Uy(cosf) =0 < W =0<=0-= nlfl k=1,2,...,n

Since deg U, (x) = n,x = cosf and coefficient for x” equal* 2" then U, (x) = 0 <

X = cos kﬂl ,k=1,2,...,nand therefore
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* If a, is coefficient for x” in U, (x) then a, satisfies to recurrence A1 = 20,00 = 1).
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In particularly Uy,-1(x) = 2 | | ( S ) =
20+l _ kr 2n-k)r 2n-1 §2 kn
2 xk|=1|(x cos—2n ) | |(x —2 ) 2 x| |( )
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Let P,(x) := WG then P,(x) = 4 | |( o )

Note that U,,-i(x) can be directly defined by recurrence



Uzpi1(x) = 22x% = 1)Uz 1 (x) — Uzpz(x),n € N with U_(x) = 0,U;(x) = 2x.
Since U,,-1(x) divisible by 2x then polynomial P,(x) satisfy to the recurrence
(4) Pupi(x) =22x—1)P,(x) — Pp1(x),n € N with Py(x) = 0,P;(x) = 1.

Thus, applying (1) to polynomial P,(x) we have

< 1 _ PyO)

= cos2kn ~ P0)”
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In particularly, from (4) follows recurrence
(5) Pur1(0)+2P,(0) + P,—1(0) = 0,n € N with Py(0) = 0,P;(0) = 1.
P,(0)
Let b, = Z
-1)
(6) bur1 —2by+ by =0,n e Nwithby =0,b; = —1.
Since b1 — b, = b,—b,.1,n € Nthen b, - b,.1 = -1,n € N and, therefore,

then (5) can be rewritten as

Z(bk_bk—l) =-n<b,~by=-n< b, =-n.
k=1

From the other hand, since P).,(x) = 2(2x - 1)P,,(x) + 4P,(x) — P,_,(x),n € N
with Pj(x) = 0,P)(x) = 0,then
(7)  PL.(0)+2P,(0) + P, ,(0) = 4P,(0),n € N with Py(0) = 0,P’(0) = 0.

/
Leta, = 1(3_”—5())3 then % = —b, = nand (7) can be rewritten as
(8) au1 —2a,+ay1 =4n,n € Nwithag =a; = 0.
. 2n(n?—1) . . .
Since sequence — 3 |is particular solution of nonhomogeneous
2n(n*—-1)
recurrence (8) then a, = —— toant B where a = = 0 because ayp = a; = 0.
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Thus a, = Mn e N and, therefore,
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Hence, Ztan T 3 (n-1) = 3 .
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In particular for n = 1010 we obtain

1010
ke (@-1011-1)(1011-1) .
D tan 3007 = 3 = 6.804 x 10°.




